Abstract. In this paper several characterizations of interval-bounded operators and order weakly compact operators between Riesz spaces (vector lattice) and topological vector spaces are given. Dodds [5] has introduced interval-bounded and order-weakly compact operators on Banach spaces. Soon after, these have been generalised into locally convex space by Duhoux in [6] . Since then a little work has been done on these operators. The recent developments concerning interval-bounded and order-weakly compact operators on Banach spaces may be found in [8] , section 3.4. The aim of this paper is to give some new characterizations of these operators. Before characterizing them we introduce basic elements of the Riesz space theory, as follows: An ordered vector space which is also a lattice under the same ordering is called a Riesz space (or vector lattice). Let E be a Riesz space. A subset A of E is called an order interval whenever A = {x G E : a < x < b} for some a,b G E with a < b and it is denoted by [a,6]. Supremum of x and -x of x G E is denoted by |x|. A sequence (x n ) of E is said to be relatively uniformly convergent to a G E if there exists a positive a G E such that for each e > 0 there exist a natural number k satisfying | x n -x\ < 6o for all n > k and it is denoted by x n -• x(a). x n x(r.u) means that x n ->• x(a) for some a G E + . For the general theory of Riesz space we refer to [7] . A subset A of a Riesz space E is called solid if A = {a: G E :
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x n x(r.u) means that x n ->• x(a) for some a G E + . For the general theory of Riesz space we refer to [7] . A subset A of a Riesz space E is called solid if A = {a: G E :
< |a| for some a G E}. A Riesz space E which is also a topological vector space is called locally solid Riesz space if it has a neighbourhood base of 0 consisting of the solid sets. We say that a locally solid Riesz space E satisfies the Lebesgue property if x n -> 0 in E whenever 0 < i" | 0. A complete metrisable locally convex-solid Riesz space E is called Frechet lattice. A Riesz space E which is also a Banach space is called a Banach lattice whenever ||i|| < ||y|| for all x,y £ E with |x| < |y|. For more details about the locally solid Riesz space and Frechet lattice [1] is a good standard reference book. Through this paper in a topological vector space A phrase x n -• x means that (i n ) is convergent to x in a topological sense and by the term operator we shall mean a linear operator.
Characterizations of the interval-bounded operators
We start with the following definition which is due to Dodds [5] for the case that X is a Banach space (see [6] for the case that A' is a convex space). DEFINITION 
Proof. (i)=>(ii). Suppose that (i) holds and (ii) fails. Then there exists a positive sequence (x n ) (i.e. 0 < x n for all n) of E t with x n -• 0(r.u) and a neighbourhood U of 0 in X such that T(y n ) 0 U for all n and for some subsequence (y n ) of (x n ). We can also construct a subsequence (z n ) of (y n ) such that 0 < nz n < n -1 z for all n and for some x £ E. This implies that (T(nz")) is a topological bounded sequence of X, so T(nz n ) € kU for all n and for some natural number k, which is a contradiction because T(y n ) ^ U for all n. Hence (i)=>(ii). It is obvious that (ii)=>(iii). Now suppose that (iii) holds and (i) fails. Then there exists an order bounded positive sequence (x n ) of E and a neighbourhood U of 0 in A such that T(x n ) $ n 2 U for all n. On the other hand, (T(n -1 x")) is a topological bounded sequence of X since n~1x n -> 0(r.u). This is a contradiction, so (iii)=^(i). This completes the proof.
Let E be an Archimedean Riesz space and E~ denote the order dual of E. For each T £ E~, the formula p(T)(x) = |T|(|a;|) defines a seminorm on E. The locally convex-solid Riesz space topology on E generated by the seminorms, p(T), is called order topology and it is denoted by o(E,E~).
THEOREM 1.2. Let T : E -> X be an operator from an Archimedean
Riesz space into a Hausdorff convex space X. Then the following statements are equivalent:
Proof. It is obvious that (i)=i-(ii)=^(iii). Now suppose that (iii) holds and (i) fails. Then by the Theorem 1.1 there exists a positive sequence (x n ) of E with x n -> 0(r.u) for which (T(x n )) is not topological bounded, so it is not weakly bounded in X. Then there exists a subsequence (y n ) of (x n ) such that n < \y'(T(y n ))\ for all n and for some y' G X', where X' denotes the topological dual of X. We can produce a subsequence (z n ) of (y n ) with 0 < nz n < n~lx for all n and for some x € E, so nz n -• 0 o(E,E~) in E and it is order bounded. It implies that (y'{nz n )) is a bounded sequence of real numbers. This contradiction completes the proof.
The following theorem states that continuous operators and intervalbounded operators coincide whenever its domain is a Frechet lattice. 
is a topological bounded sequence of X for each order bounded conver gent sequence (x") of E.
Proof. (i)=i>(ii). Suppose that T is interval bounded and that it is not continuous. Then there exists a positive sequence (x n ) of E with x n -»• 0 and a neighbourhood U of 0 in X such that T(y n ) £ U for all n and for some subsequence (y n ) of (x n ). We can construct a subsequence (z n ) of (y n ) such that d(z n ,0) < n~3 for all n, where d denotes the metric on E. Let a n = z\ + z-i +... + z n . It is clear that (a n ) is an increasing Cauchy sequence of E, so it is convergent and supa n exists. Then (T(nz n )) is a topological bounded sequence of X since (nz n ) is an order bounded sequence of X. This is a contradiction for being T(y n ) £ U for all n, so (i)=>(ii) must be true. It is clear that (ii)^-(iii) and (iii)=>(iv). Now suppose that (iv) holds and (i) fails. Then there exists a positive order bounded sequence (i n ) and a neighbourhood U of 0 in X such that T(y n ) £ n 2 U for all n and for some subsequence of y n ) of (£")• Since (y n ) is order bounded we have that n~xy n -• 0, so (T{n~xy n )) is a topological bounded sequence of X which contradicts the fact that T(y n ) £ n 2 U for all n. This contradiction implies that (iv)=^(i) and completes the proof.
REMARK. The conditions (i)
F is an interval-bounded operator on E and it is easy to see that is not continuous.
An operator T from a Banach space X into another Banach space Y is called a Dunford-Pettis operator if T(x n ) -» 0 in
Y whenever x n -> 0 weakly in X. We say that a Banach space A' has the Schur property if the identity / : X -• A' is a Dunford-Pettis operator. It is obvious that every Dunford-Pettis operator between Banach lattice and Banach space is continuous, so it is interval -bounded. The following theorem deals about the converse direction of that. COROLLARY 
Let T be an operator from a Banach lattice E into a Banach space X. If either E or X has the Schur property then T is an interval-bounded operator if and only if it is a Dunford-Pettis operator. In particular, a Banach lattice E has the positive Schur property if and only if all interval-bounded operators T : E -• A' are Dunford-Pettis operators for all Banach space X.
Proof. The continuity of T completes the proof. We say that X has the Dunford-Pettis property if I : X -• X is a weak Dunford-Pettis operator, (see [2] or [3] for more details about the weak Dunford-Pettis operators). It is clear that every bounded operators from X into Y is a weak Dunford-Pettis operator whenever Y has the weak Dunford-Pettis property. The converse statement of that is also held when X is a Banach lattice, as follows:
. Let E be a Banach lattice, X a Banach space and T : E -> X be an operator. If X has the weak Dunford-Pettis property then T is interval-bounded if and only if it is a weak Dunford-Pettis operator.
Proof. Suppose that T is a weak Dunford-Pettis operator. Then by Theorem 2 there exists a positive sequence (x n ) of E with x n ->• 0(r.u) and such that (T(x n )) is not topological bounded. Then (T(x")) is not convergent to 0 weakly, so there exists a subsequence (y n ) of (x n ) and e > 0 such that € < \y'(T(y n ))\ for all n and for some y' £ X'. We can choose a subsequence (z n ) of (y n ) with nz n -y 0. On the other hand n~ly' -> 0 weakly . Since X has the weak Dunford-Pettis property, we have 6 < \y'(T(z n ))\ = |(n-y)(r(«*»))| -0, which is a contradiction, so T must be bounded. This completes the proof. (
ii) An operator T : E -+ F is interval-bounded if and only if it is a weak Dunford-Pettis operator for all Banach lattices E.
Proof. To see (ii)=>-(i) let E = F and consider the identity operator I: F -* F.
Characterization of the order-weakly compact operators
The following definition is due to Dodds [5] for the case X is a Banach space. See [6] for the general case. The following theorem is an analogue of Theorem 1.2 for the order-weakly compact operators.
THEOREM 2.1. For an operator, T : E -» X from an Archimedean Riesz space into a Banach space the following statements are equivalent:
(i) T is an order-weakly compact operator.
Proof. The implication (i)=>(ii) is nothing else but the theorem 8 of [5] . Suppose that (ii) holds. Then T is an interval-bounded operator by Theorem 1.2. On the other hand for all positive order bounded disjoint sequences (x n ) of E o(E,E~)-onvergent to 0 T(x n ) -• 0 in X, which implies that T is order-weakly compact operator, by Theorem 3.4.4 of [8] .
As an immediate consequence, we get 
IfT is order-weakly compact, then S is order-weakly compact too.
It is clear that every order-weakly compact operator is interval-bounded, the converse is in general not true. The following theorem states that those are the same whenever E is a Frechet lattice with the Lebesgue property and AT is a Banach space. THEOREM 
Let E be a Frechet lattice with the Lebesgue property, X a Banach space and T : E -• X be an operator. Then T is order-interval bounded if and only if it is order-weakly compact.
Proof. Let E satisfy the assumptions. It is well known that an intervalbounded operator T is order-weakly compact if and only if T(x n ) -• 0 in X for every bounded disjoint sequence (z n ) of E (see [8] , Theorem 3.4.4). On the other hand a Frechet lattice E has the Lebesgue property if and only if every order disjoint sequence of E is convergent to 0 (a proof may be found in [1] , Theorem 22.1). Now an easy application of Theorem 1.3 completes the proof. (
ii) An operator T : E -»• X is interval-bounded if and only if it is order-weakly compact for all Banach space X.
Proof. Suppose that (ii) holds and let X = E. Since the identity operator I : E -* E is interval-bounded, by the hypothesis it is order-weakly compact, so E has weakly compact order intervals, which implies the order continuity of the norm (see [1] , Theorem 22.1).
An operator T : E
X from a Banach lattice E into a Banach space X is said to be M-weakly compact whenever ||T(x n )|| -> 0 for all norm bounded disjoint sequence (x n ) of E. It is obvious that every M-weakly compact operator is an order-weakly compact operator. It is well known that the norm dual E' of a Banach lattice E has order continuous norm if and only if every norm bounded disjoint sequence of E is weakly convergent to 0 (see [3] , Theorem 14.21). This observations leads to the following corollary. 
